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A chain of small Josephson junctions (aka superinductor) emerged recently as a high-inductance,
low-loss element of superconducting quantum devices. We notice that the intrinsic parameters of a
typical superinductor in fact place it into the Bose glass universality class for which the propagation
of waves in a sufficiently long chain is hindered by pinning. Its weakness provides for a broad
crossover from the spectrum of well-resolved plasmon standing waves at high frequencies to the low-
frequency excitation spectrum of a pinned charge density wave. We relate the scattering amplitude
of microwave photons reflected off a superinductor to the dynamics of a Bose glass. The dynamics at
long and short scales compared to the Larkin pinning length determines the low- and high-frequency
asymptotes of the reflection amplitude.
Interaction between particles gives rise to collective ex-
citations in a many-body system. In the case of Coulomb
interaction, these are the well-known plasma oscillation
modes. The long-range interaction between particles con-
fined to one or two dimensions (1D or 2D) may be cut-off
by the polarizability of the surrounding medium. Trans-
lational invariance in 1D or 2D then results in the sound-
like plasmon spectrum at low frequency. An ubiquitously
present disorder breaks translational invariance and pos-
sibly affects the spectrum of low-frequency excitations.
The competition between interaction and disorder sets
the stage to a possible localization transition in a many-
body system. This competition in 1D was addressed by
means of perturbative renormalization group (RG) the-
ory by Giamarchi and Schulz [1]. Interaction in 1D can
be characterized by a dimensionless parameter K related
to the magnitude of zero-point fluctuations of the parti-
cles’ density (the classical limit is K → 0). It turns out
that the disorder potential is irrelevant at K > 3/2 and
the sound-like mode does exist down to the smallest wave
vectors (q → 0). However, at K < 3/2 even an infinites-
imally weak disorder results in localization, severely af-
fecting the properties of 1D systems at long spatial scales.
Attempts to understand the localized phase have led to
the notion of Bose glass phase [2] and to establishing its
links to the pinned vortices in superconductors [3], do-
main walls in magnets [4], and “classical” charge-density
waves in normal metals [5].
In the localized phase, the static spatial order is de-
stroyed on the scale exceeding the Larkin length, R?,
which was first introduced [3] for the collective pinning
of vortices (these were modeled as classical particles).
For weak pinning, R? exceeds significantly the inter-
particle distance. Elastic properties of the pinned sys-
tem on length scales shorter than R? are hardly affected
by pinning. Respectively, in a non-dissipative system ex-
citations with frequencies ω & ω? ≡ v/R? may still be
approximated by propagating waves (here v is the propa-
gation speed) [6]. Pinning drastically changes the excita-
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FIG. 1. Microwave photons incident from a transmission
line are reflected off a superinductor formed of N Josephson
junctions in series.
tion spectrum at frequencies ω  ω?. The corresponding
density of modes arises from the statistics of specific con-
figurations of disorder supporting localized-in-space low-
frequency excitations [5–12]. The found [9–12] limiting
low-frequency behavior of the density of modes (per unit
volume) is ν(ω) ∝ ω4.
Conductivity σ(ω), being sensitive to the frequency de-
pendence of the transition matrix elements along with
that for the density of modes, carries some informa-
tion regarding the dynamics of charge density waves.
It was predicted to have a maximum at ω ∼ ω?, see,
e.g., [13–16]. Experiments performed with a 2D electron
gas in GaAs heterostructures qualitatively confirmed the
predictions, but disagreed with them quantitatively, see
[17] for a review. In 1D, the physics of charge density
waves was addressed in an experiment [18] where nonlin-
ear current-voltage characteristics of Josephson-junction
chains were studied. The tell-tale signature of the pin-
ning was the appearance of dissipative current above a
threshold voltage and a specific, systematic dependence
of the threshold voltage on the parameters of a chain.
The threshold voltage is related to the pinning energy at
scale R? [19, 20], which is the basic property of the static
pinning configuration.
In this work, we elucidate a way to study the dy-
namics of charge-density waves with a special type of
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2Josephson-junction arrays, known as superinductors.
Developed in the context of superconducting quantum
devices [21], superinductors are linear elements combin-
ing high inductance with a small stray capacitance. An
equivalent circuit of a superinductor is shown in Fig. 1.
Large inductance and linearity are achieved by making
the number of junctions large, N  1, and quantum
fluctuations of the phase across a single junction small,
EJ/EC  1, while having small stray capacitance
calls for a very small ratio EC/Eg [here EJ is the
Josephson energy of a single junction, Eg = 4e
2/(2Cg)
and EC = 4e
2/(2C) are the charging energies for
an extra Cooper pair associated, respectively, with
the superconducting island’s stray capacitance Cg
and the junction capacitance C; the parameters were
N ∼ 102, EJ/EC ∼ 20, and EC/Eg ∼ 10−4 in the
experiment [21]]. The product of EJ/EC and EC/Eg
turns out to be small, resulting in K < 1, so nominally
superinductors are insulators. However, the amplitude of
quantum phase slips and therefore the pinning potential
are exponentially small, exp(−√32EJ/EC) 1. Unless
N  1 compensates for that smallness, phase slips
are rare and the superinductor faithfully performs its
inductance function in a circuit [21–23]. Recently, even
longer chains with N ∼ 104 were developed [24] for
which the statistics of quantum phase fluctuations allows
a finite density of quantum phase slips to appear. This,
in turn, enables weak pinning of charge density waves.
Realization of the pinning potential depends on the
random background charges in the environment of the
chain. These are slowly fluctuating in time [25], provid-
ing a tool for the ensemble averaging of observables. We
evaluate the most accessible one, which is the ensemble-
averaged reflection amplitude off a chain, 〈r(ω)〉, find its
relation to the local density of states of excitations, and
predict the low- and high-frequency asymptotes of 〈r(ω)〉.
We model the superinductor with the Hamiltonian
Hchain =
1
2
∑
nm
QnC
−1
nmQm−EJ
∑
n
cos(ϕn−ϕn+1) , (1)
where ϕn and Qn are canonically conjugated phase and
charge of each superconducting island along the chain,
[ϕn, Qm] = 2eiδn,m. The first term in Eq. (1) describes
the electrostatic coupling with elements Cnn = (2C+Cg)
and Cnn±1 = C of the capacitance matrix, the second
term describes the Josephson coupling between succes-
sive islands. Hamiltonian (1) can be used if the temper-
ature, charging, and Josephson energy are smaller than
the superconducting gap. The typically small stray ca-
pacitance Cg  C corresponds to a large charge screen-
ing length, `sc = a
√
C/Cg  a, where a is the unit cell
length, see Fig. 1.
In harmonic approximation, Hamiltonian (1) yields
the dispersion relation ω(q) = v|q|/√1 + (vq/Ω)2, where
v = a
√
2EJEg/~ is the plasmon speed with wave vectors
q below `−1sc or, equivalently, with ω(q) below the single-
junction plasma frequency Ω =
√
2EJEc/~. Modes with
ω(q) ≈ v|q| are adequately described by a harmonic
string Hamiltonian,
H0 =
ˆ
dx
[
pivK
2~
Π2 +
~v
2piK
(∂xθ)
2
]
(2)
acting on states with energies within the bandwidth
∼ ~Ω. Here θ and Π = −(~/pi)∂xϕ are two canonically
conjugated fields, [θ(x),Π(x′)] = i~δ(x−x′), where ϕ and
ρ = −(1/pi)∂xθ are the coarse-grained phase and Cooper-
pair density along the chain, respectively. The parame-
ter K = pi
√
EJ/(2Eg) is related to the low-frequency
impedance Z of the chain, K = pi~/(4e2Z).
Quantum phase slips allow for jumps of the phase dif-
ferences ϕn−ϕn+1 between the minima of the Josephson
energy in Eq. (1). Rare phase slips can be accounted
for by adding [26] a perturbative term to the Hamilto-
nian (2),
H = H0 − λ
a
ˆ
dx cos(2θ + χ) . (3)
Operators e±2iθ(x) appearing in Eq. (3) create ±2pi-kinks
at position x in the field ϕ(x). The classical field χ(x)
leads to the Aharonov-Casher effect in the probability
amplitudes of phase slips [27, 28].
Field χ(x) = 2pi
´ x
dx′ρb(x′) is random, ρb(x) is the
density of coarse-grained offset charges. A maximal dis-
order corresponds to offset charges fluctuating indepen-
dently and randomly in each superconducting island. It
yields a Gaussian correlator
〈cosχ(x) cosχ(x′)〉 = 1
2
aδ(x− x′) , (4)
where 〈· · · 〉 stands for disorder averaging, for the field
cosχ (a similar relation holds for the field sinχ) on spa-
tial scales larger than `sc. Furthermore, a recent exper-
iment [25] reported timescale tc ∼ 1min for the offset
charge fluctuations of a single island. Extrapolating their
results to a chain yields a timescale tc/N for scrambling
the Aharonov-Casher phase in a chain of N junctions.
Due to the separation of scales in the plasmon spec-
trum at Cg/C  1 and the known full solution [29, 30]
of the phase-slip problem at Cg/C = 0, it is possible, in
contrast to the phenomenological treatments [26, 31], to
derive Hamiltonian (3) and evaluate λ in terms of micro-
scopic parameters,
λ =
8√
pi
(2E3JEc)
1/4e−
√
32EJ/Ec at EJ  Ec . (5)
Once λ is known, the O(1) uncertainty in the bandwidth
∼ ~Ω translates, at K  1, into a negligible O(K) uncer-
tainty in the low-frequency (ω  Ω) observables which
we aim to evaluate.
3In the thermodynamic limit (infinitely long chain), the
perturbative RG flow associated with the Hamiltonian
(3) is given by the Giamarchi-Schulz scaling [1]
dD(Λ)
dl
' (3− 2K)D(Λ) . (6)
The unitless function D(Λ) here describes the evolution
of the phase slip probability in the process of coarse-
graining, Λ is the running momentum cutoff, and dl =
−dΛ/Λ. The initial condition for Eq. (6) is D(Λ0) =
vλ2/(aΩ3) with λ of Eq. (5) and Λ0 ∼ Ω/v. The first
term in the prefactor 3 − 2K in Eq. (6) corresponds to
the rescaling of two time but only one space coordinates
(as the disorder is local in space and approximately static
on the plasmon flight time, d/v  tc), while each term
K accounts for the renormalization of the phase slip am-
plitude λ at a single Josephson junction in the presence
of an ohmic bath of long-wavelength plasmons. Equa-
tion (6) signals a transition between a superfluid phase
(K > Kc) and a Bose glass (K < Kc) at Kc = 3/2. At
small fugacity exp(−√32EJ/Ec), see Eq. (5), one may
disregard the renormalization [1] of K in finding the tran-
sition condition, Eg = (2pi
2/9)EJ .
In the classical limit, corresponding to K → 0 and ~→
0, while the ratio K/~ is maintained fixed, one may ne-
glect the kinetic term in Eq. (3) and estimate the Larkin
length for the static pinning of the charge density from
energy arguments: On one hand, a deformation of a static
field θ¯(x) by 2pi over the length R costs an elastic energy
Eel ∼ ~v/(KR). On the other hand, for a constant field
θ¯, the disorder-averaged pinning energy vanishes, while
its typical value for a given disorder configuration is esti-
mated as Ep ∼ λ
√
R/a using the correlator (4). The pin-
ning energy dominates the elastic one if R > R?, where
R? = a{~v/[aKλ(R?)]}2/3. Using here the renormalized
phase slip amplitude λ(R) = λ(R/`sc)
−K instead of its
bare value (5) allows us to account for quantum fluctu-
ations on short length scales R . R?. Solving then for
R?, we find the generalized Larkin length,
R? = a
(
~Ω
Kλ
)2/(3−2K)(
C
Cg
)(1−K)/(3−2K)
. (7)
Remarkably, 1/R? coincides with the momentum scale at
which the perturbative RG breaks down, D(1/R?) ∼ 1.
We are now ready to formulate the problem of the
elastic scattering of microwave photons off a Josephson-
junction chain of a finite length d. For this, we consider
the same Hamiltonian (3) but with spatially nonuniform
parameters such that it describes a transmission line with
plasmon speed v0 and impedance Z0 = pi~/(4e2K0) (and
without phase slips, λ = 0) at x < 0, and the superin-
ductor at 0 < x < d, see Fig. 1. The equations of motion
derived from Eq. (3) yield θ¨ = −v2∂2xθ+(2λ/a) sin(2θ+χ)
together with the boundary conditions expressing the
continuity of current, ∂tθ(0
+, t) = ∂tθ(0
−, t), and volt-
age, (v/K)∂xθ(0
+, t) = (v0/K0)∂xθ(0
−, t), at the inter-
face between the waveguide and the chain, as well as
the absence of current, ∂tθ(d, t) = 0 at the other end of
the chain. Taking the classical limit, we can now define
the reflection amplitude r(ω) at frequency ω, such that
the solution of these equations is expressed as θ(x, t) =
θ¯(x) + ψ(x)e−iωt, where θ¯(x) is a static charge density
that minimizes the (classical) energy, and ψ(x) describes
small oscillations around it. The linearized equation of
motion takes a form similar to the Schro¨dinger equation,
ω2ψ = −v2∂2xψ + V (x)ψ at 0 < x < d , (8)
with the normalization condition
ψ(x) = eiωx/v0 + r(ω)e−iωx/v0 at x < 0 , (9)
and potential V (x) = (4piKλv/~a) cos(2θ¯(x) + χ(x))
which is determined both by the offset charge disorder
and the static charge density θ¯(x).
The impedance of typical waveguides is of the order of
the vacuum impedance, Zvac ≈ 377 Ω; thus, K  K0.
Using this, we can find an expression for r(ω) in terms
of the properties of the chain valid at arbitrary disorder
configuration. Namely, we observe that at K/K0 → 0,
the chain is disconnected from the waveguide. Thus,
it admits a set of discrete bound states with eigen-
frequencies ωn and eigenfunctions ψn(x), which satisfy
the Schro¨dinger equation (8) with boundary conditions
∂xψ(0
+
n ) = 0 and ψn(d) = 0. We also impose the nor-
malization condition
´ d
0
dxψ2n(x) = 1. At small but fi-
nite K/K0, these solutions become quasi-bound states:
they emit plasmons in the waveguide, such that ψ(x <
0) = ψ(0−)e−iωnx/v0 with ψ(0−) = ψn(0+) according
to the boundary condition. The energy stored in the
bound state is En = ω
2
n/(pivK), while the energy emit-
ted in the waveguide is characterized by the Poynting vec-
tor P = v0ω
2
n/(piv0K0)ψ
2
n(0
+). The rate of energy loss,
Γn ≡ P/En = (K/K0)vψ2n(0+), gives the level width of
the quasi-bound state. We can now use the Breit-Wigner
formula to account for the contribution of all quasi-bound
states, r(ω) = −1 + i∑n Γn/(ω−ωn + iΓn/2), assuming
that Γn  |ωn − ωn+1|, where |ωn − ωn+1| is the level
spacing between successive bound states. Let us now in-
troduce a Green function of the chain, which solves[
ω2 + v2∂2x − V (x)
]
G(x, x′;ω) = pivδ(x− x′) (10)
with boundary conditions ∂xG(0, x
′;ω) = G(x, d;ω) = 0.
Introducing the local plasmon density of states
ν(x, ω) = − 2ω
pi2v
ImG(x, x;ω) , (11)
defining ν0 = 1/(piv), and using the complete basis of
normalized eigenstates ψn(x) to express the Green func-
tion allows us to find a relation between the real part of
4the reflection amplitude and the density of states at the
edge of the chain,
r′(ω) = −1 + K
K0
ν(x = 0, ω)
ν0
. (12)
The random charge realization changes on time scale
tc/N far exceeding the typical plasmon propagation time
d/v. For a static disorder, r(ω) is the sum of narrow
peaks corresponding to plasmon resonances in the finite-
size chain. We now evaluate its disorder average, as-
suming that the measurement time exceeds tc/N , thus
facilitating the averaging.
At large frequencies, ω  ω?, the plasmon wavelength
v/ω is much smaller than R?. This justifies neglecting
the spatial variations of the static field θ¯ appearing in
the disorder potential in Eq. (8), which then becomes
Gaussian. The potential induces both forward- and back-
scattering characterized by a frequency-dependent mean-
free path evaluated, within Born approximation, as
`(ω) = vτ(ω) = R?(ω/ω?)
2 . (13)
Ignoring the back-scattering for a while, we readily find
that the local density of states is expressed as ν(0, ω) =
1/d
∑
n δ(ω − ωn), where ωn = (n + 1/2)∆ + δn cor-
responds to a spectrum of plasmon resonances nomi-
nally spaced by ∆ = piv/d and randomly shifted by
δn ≈ 1/(2dωn)
´ d
0
dxV0(x), where V0 is the “smooth”
component of V . Gaussian average over V0 yields an
“inhomogeneous broadening” of the peaks in 〈ν(0, ω)〉,
which acquire a Gaussian lineshape.
Accounting for both forward- and back-scattering in
the evaluation of 〈ν(0, ω)〉 at large frequency ω  ω? can
be performed with the Fokker-Planck method, see Sec. I
of the Supplemental Material (SM) [32]; it only modifies
the width of the Gaussian lineshapes, compared with the
forward-scattering case. The result is
〈ν(0, ω)〉 = 2ν0
∑
m
∆√
2piδ(ω)
e−[ω−(m+1/2)∆]
2/[2δ2(ω)] ,
(14)
with the frequency-dependent width of the resonances,
δ(ω) = ∆ · ωcr
ω
and ωcr =
√
3ω?
(
d
R?
)1/2
. (15)
The Gaussian-shaped resonances are well-separated as
long as δ(ω) ∆, corresponding to the frequency range
ω  ωcr or, equivalently, for a chain’s length d `(ω).
At frequencies below the crossover, ω . ωcr, the res-
onances overlap, gradually suppressing the amplitude of
oscillations of r(ω). Using the Poisson summation for-
mula to transform Eq. (14), we find
〈ν(0, ω)〉 = 2ν0
[
1− 2 cos (2piω/∆) e−2(piωcr/ω)2
]
(16)
in the frequency range ω?  ω  ωcr. The frequency-
independent part of Eq. (16) is the end density of
states of a harmonic, half-infinite chain (λ → 0, d →
∞). The other terms account for small oscillations
with the frequency; their period is ∆, and their ampli-
tude is exponentially suppressed, exp{−2(piωcr/ω)2} =
exp{−6pi2d/`(ω)}. The amplitude decreases and reaches
values ∼ exp{−const · (d/R?)} with the frequency de-
creasing towards ω?. The oscillatory terms are exponen-
tially small because the phase of the plasmon becomes
scrambled on the length scale `(ω) much shorter than
the length d of the chain.
The leading term in Eq. (16) is independent of fre-
quency, as at ω  ω? the adjustment of the static config-
uration θ¯(x) to the external charge disorder realization is
not important. In contrast, at ω . ω? the plasmon wave-
length becomes of the order of the correlation length of
θ¯(x). In this limit, the oscillatory part of 〈r(ω)〉 remains
exponentially small, but – in addition – the leading term
in Eq. (16) becomes a function of ω/ω?. The ω/ω? → 0
asymptote of that function is a power-law with a univer-
sal exponent,
〈ν(x = 0, ω)〉 = Cν0(ω/ω?)4 at ω/ω?  1 . (17)
To see the universality of the exponent, we consider a
sequence of models bridging the limits of weak and strong
pinning, and then apply the ideas [6, 9–12] developed
for the density of states in the bulk to derive the edge
property 〈ν(x = 0, ω)〉. Then, we find the constant C ≈
0.032 in Eq. (17) by a numerical simulation.
To motivate Eq. (17), we may assume the chain to
be half-infinite, as the boundary condition at x = d
should not matter due to the wave localization. The low-
frequency plasmon spectrum will be contributed by the
soft oscillation modes in special, barely stable configura-
tions of disorder built in the vicinity of the x = 0 edge
of the chain. Next, we generalize the considered-so-far
Gaussian model of disorder in continuum by substituting
Hamiltonian (3) and correlator (4) with
H = H0 − λ√
ac
∑
j
cos(2θ(xj) + χj) , (18)
where χj and xj are, respectively, the random phases
associated with and random locations of discrete impuri-
ties. By varying their density c from a large value down
to c  1/a one crosses over between the limits of weak
collective and strong individual-impurities pinning. The
latter limit is amenable to the analytical treatment [6, 9].
Infinitely-strong pinning on separate impurities re-
duces the system to a sequence of independent seg-
ments [6]. Finite-strength impurities allow for special
configurations carrying soft excitations with arbitrarily-
low frequency, as was noticed in [9]. Closely following
that work, we consider the needed three-impurity con-
figurations in the vicinity of x = 0. The only differ-
ence from [9] is that we impose the boundary condition
5� �� �� �� �� ���
�
�
�
�
ω / Δ
<ν(�=
��ω)>
/ν �
FIG. 2. Frequency dependence of the edge density of states,
numerically evaluated and averaged over 5000 disorder con-
figurations in a chain of length d = 7.4R? (straight line).
For comparison, analytically obtained asymptotes, Eq. (14)
(dashed line) and Eq. (17) (dotted line), are also plotted.
∂xθ¯(0) = 0 on the static charge distribution. Follow-
ing [9], we find impurity configurations resulting in the
low-frequency local modes of the pinned elastic string. It
is tedious but straightforward (see Sec. II of SM [32]) to
show that the boundary condition at x = 0 does not
affect the ω → 0 asymptote of the density of states,
〈ν(ω)〉 ∝ ω4. The proportionality coefficient here de-
pends on c, but we do not expect a phase transition to
a different functional form upon reducing c. As argued
in [10–12], the functional form of the asymptote is uni-
versal and remains the same in the limit of weak pinning,
which is of direct interest in the context of this work.
The considerations that led to Eq. (17) are substanti-
ated – and the proportionality coefficient in it is found –
in a numerical simulation presented in Sec. III of SM [32],
and whose result is illustrated in Fig. 2 covering a broad
range of frequencies.
Using Eq. (12) and the results (14), (16), and (17),
we can now predict the overall evolution of the photon
reflection amplitude with the increase of frequency. The
microwave photons are fully reflected with 〈r′〉 ≈ −1 at
ω  ω?; according to Eq. (17), the average reflection in-
creases approaching 〈r′〉 ≈ −1+2K/K0 at ω ∼ ω?. Upon
further increase of ω, the prominence of the spatial res-
onances in 〈r′(ω)〉 raises, and they become well-resolved
at ω  ωcr, see Eqs. (14) and (16). In the latter regime,
the width of resonances translates into the quality factor
Q = ω/[(4 ln 2)δ(ω)] ∝ ω2. We emphasize that the Q-
factor of the resolved resonances, according to our theory,
comes from the ensemble averaging applied to the elastic
plasmon propagation. We note in passing, that the in-
elastic scattering, considered in [33, 34] in the context of
plasmon decay at d→∞, results in a minor contribution
to 1/Q of well-resolved spatial resonances at finite d, see
Sec. IV of SM [32].
In conclusion, microwave photon scattering off a su-
perinductor may open a new way to study pinning in
a one-dimensional quantum system. This work was de-
voted to the theory of reflection amplitude in the limit
of small quantum fluctuations (K  1). The reflection
amplitude was recently measured [24] for a variety of su-
perinductors; in a qualitative agreement with our predic-
tions, the increase of the Q-factor with the microwave
frequency was seen for samples with the highest proba-
bility of quantum phase slips.
We acknowledge stimulating discussions with V.
Manucharyan. This work is supported by the DOE con-
tract DEFG02-08ER46482 (LG), and by the ARO grant
W911NF-18-1-0212, a Google gift to Yale University, the
European Union’s FP7 programme through the Marie-
Sk lodowska-Curie Grant Agreement 600382, and ANR
through grant No. ANR-16-CE30-0019 (MH).
[1] T. Giamarchi and H. J. Schulz, Phys. Rev. B 37, 325
(1988).
[2] M. P. A. Fisher, P. B. Weichman, G. Grinstein, and D. S.
Fisher, Phys. Rev. B 40, 546 (1989).
[3] A. I. Larkin, Sov. Phys. JETP 31, 784 (1970).
[4] Y. Imry and S. K. Ma, Phys. Rev. Lett. 35, 1399 (1975).
[5] H. Fukuyama and P. A. Lee, Phys. Rev. B 17, 535 (1978).
[6] L. P. Gorkov, Pis’ma Zh. Eksp. Teor. Fiz. 25, 384 (1977)
[JETP Lett. 25, 358 (1977)].
[7] M. V. Feigel’man, Sov. Phys. JETP 52, 555 (1980).
[8] M. V. Feigel’man and V. M. Vinokur, Phys. Lett. 87A,
53 (1981).
[9] I. L. Aleiner and I. M. Ruzin, Phys. Rev. Lett. 72, 1056
(1994).
[10] M. M. Fogler, Phys. Rev. Lett. 88, 186402 (2002).
[11] V. Gurarie and J. T. Chalker, Phys. Rev. Lett. 89,
136801 (2002).
[12] V. Gurarie and J. T. Chalker, Phys. Rev. B 68, 134207
(2003).
[13] H. Fukuyama and P. A. Lee, Phys. Rev. B 18, 6245
(1978).
[14] R. Chitra, T. Giamarchi, and P. Le Doussal, Phys. Rev.
Lett. 80, 3827 (1998).
[15] H. A. Fertig, Phys. Rev. B 59, 2120 (1999).
[16] M. M. Fogler and D. A. Huse, Phys. Rev. B 62, 7553
(2000).
[17] T. Giamarchi, in I. V. Lerner et al. (eds.), Strongly Cor-
related Fermions and Bosons in Low-Dimensional Disor-
dered Systems (Kluwer Academic Publishers, 2002).
[18] K. Cedergren, R. Ackroyd, S. Kafanov, N. Vogt, A.
Shnirman, and T. Duty, Phys. Rev. Lett. 119, 167701
(2017).
[19] N. Vogt, R. Scha¨fer, H. Rotzinger, W. Cui, A. Fiebig, A.
Shnirman, and A. V. Ustinov, Phys. Rev. B 92, 045435
(2015).
[20] N. Vogt, J. H. Cole, and A. Shnirman, New. J. Phys. 18,
053026 (2016).
[21] V. E. Manucharyan, J. Koch, L. I. Glazman, and M. H.
Devoret, Science 326, 113 (2009).
[22] N. A. Masluk, I. M. Pop, A. Kamal, Z. K. Minev, and
M. H. Devoret, Phys. Rev. Lett. 109, 137002 (2012).
[23] M. T. Bell, I. A. Sadovskyy, L. B. Ioffe, A. Yu. Kitaev,
and M. E. Gershenson, Phys. Rev. Lett. 109, 137003
6(2012).
[24] R. Kuzmin, R. Mencia, N. Grabon, N. Mehta, Y.-H. Lin,
and V. E. Manucharyan, arXiv:1805.07379.
[25] D. Riste`, C. C. Bultink, M. J. Tiggelman, R. N. Schouten,
K. W. Lehnert, and L. DiCarlo, Nature communications
4, 1913 (2013).
[26] V. Gurarie and A. M. Tsvelik, J. Low Temp. Phys. 135,
245 (2004).
[27] D. A. Ivanov, L. B. Ioffe, V. B. Geshkenbein, and G.
Blatter, Phys. Rev. B 65, 024509 (2001).
[28] J. R. Friedman and D. V. Averin, Phys. Rev. Lett. 88,
050403 (2002).
[29] S. E. Korshunov, Sov. Phys. JETP 68, 609 (1989).
[30] K. A. Matveev, A. I. Larkin, and L. I. Glazman, Phys.
Rev. Lett. 89, 096802 (2002).
[31] M. Bard, I. V. Protopopov, I. V. Gornyi, A. Shnirman,
and A. D. Mirlin, Phys. Rev. B 96, 064514 (2017).
[32] Details on the derivation of Eq. (14) including back-
scattering, the prefactor of Eq. (17) in the strong-pinning
regime, the numerics, and the smallness of inelastic scat-
tering rate can be found in the SM.
[33] M. Bard, I. V. Protopopov, A. D. Mirlin, Phys. Rev. B
98, 224513 (2018).
[34] H.-K. Wu and J. D. Sau, arXiv:1811.07941.
Supplemental Material for:
“Microwave spectroscopy of a weakly-pinned charge density wave in a superinductor”
I. SEMICLASSICS
Here we include back-scattering processes in the derivation of Eq. (16) in the main text for the local density of
states at large frequency, ω  ω?; we find that it only modifies the expression (17) for ωcr (the factor
√
3 would be
replaced with
√
2 if only forward-scattering processes were present). Namely, at ω  ω?, we use the analogy with the
one-dimensional Schro¨dinger equation for a particle in a Gaussian disorder potential to evaluate the averaged local
plasmon density of states that appears in Eq. (12) in the main text. For this, we employ the Fokker-Planck method
reviewed in [S1].
We may express the Green function that solves Eq. (10) in the main text, together with boundary conditions, as
G(x, x′;ω) =
pi
vW
[Ψ−(x)Ψ+(x′)Θ(x′ − x) + Ψ−(x′)Ψ+(x)Θ(x− x′)] . (S1)
Here Ψ+ and Ψ− are two solutions of the differential equation
ω2Ψ±(x) = −v2∂2xΨ±(x) + V (x)Ψ±(x) (S2)
with boundary conditions ∂xΨ−(0) = 0 and Ψ−(0) = 1, and ∂xΨ+(d) = 1 and Ψ+(d) = 0, respectively, W is a
spatially-independent Wronskian,
W = Ψ−(x)∂xΨ+(x)− ∂xΨ−(x)Ψ+(x) , (S3)
and Θ(x) is the Heaviside function [with Θ(0) = 1/2]. Using the Wronskian and the boundary conditions, we find
from Eq. (S1)
G(0, 0;ω) =
pi
v
Ψ+(0)
∂xΨ+(0)
. (S4)
We further define four functions ρ± and φ± such that
Ψ±(x) = ρ±(x) sinφ±(x) and ∂xΨ±(x) = (ω/v)ρ±(x) cosφ±(x) . (S5)
Equation (S2) and its boundary conditions then read equivalently
∂xρ± = − V
2vω
sin 2φ± and ∂xφ± =
ω
v
− V
vω
sin2 φ± (S6)
with boundary conditions ρ+(d) = v/ω and φ+(d) = 0, and ρ−(0) = 1 and φ−(0) = pi/2, respectively. Inserting
Eq. (S5) into Eq. (S4), we relate the statistics of
G(0, 0;ω) =
pi
ω
tanφ+(0) (S7)
with that of the solution φ+ of the relevant pair of Eqs. (S6).
In general, G(0, 0;ω) is complex. Its real part readily follows from Eq. (S7). In order to derive its imaginary part,
one should include a small imaginary part to the frequency (in the upper complex plane), ω → ω + i0+, which in
turn adds a small imaginary part with the same sign to φ+. Using Eq. (13) in the main text, we can then relate the
statistical properties of the local density of states to those of φ+(0),
ν(x = 0, ω) = −2
v
∑
m
δ
(
φ+(0)− (m+ 1
2
)pi
)
. (S8)
To proceed further, we use the assumption of large frequency to treat the term ∝ V in Eq. (S6) as a perturbation,
and decompose φ+(x) = ω(x−d)/v+ ζ(x) , where ζ(x) is a slowly varying function on the scale of v/ω. Furthermore,
the disorder potential contains three relevant terms for the spatial variation of ζ(x),
V (x) = V0(x) + V1(x)e
2iω(x−d)/v + V ∗1 (x)e
−2iω(x−d)/v , (S9)
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2where the slowly varying (on the scale of v/ω) components V0(x) and V1(x) describe forward- and back-scattering,
and have Gaussian averages,
〈V0(x)V0(x′)〉 = 〈V1(x)V ∗1 (x′)〉 = 8pi2R?ω4?δ(x− x′) . (S10)
Equation (S10) reproduces the correlator for V = (4piKλv/~a) cos(2θ¯ + χ), in which the spatial variations of θ¯ are
safely ignored at ω  ω? (see discussion in main text) and the correlator for cosχ is given by Eq. (4) in the main
text. Then retaining only the slowly varying components in Eq. (S6), we find
∂xζ = − 1
2vω
V0 +
1
4vω
[
V ∗1 e
2iζ + V1e
−2iζ] (S11)
with the boundary condition ζ(d) = 0. Equation (S11) is a Wiener process whose Fokker-Planck equation reads [S1]
∂P
∂x
= D∂
2P
∂ζ2
with D = 3pi
2
2
R?ω
4
?
v2ω2
=
3pi2
2`(ω)
; (S12)
its boundary condition is P (x = d, ζ) = δ(ζ). The corresponding solution of Eq. (S12) is
P (x = 0, ζ) =
1
2
√
piDde
−ζ2/(4Dd) . (S13)
The derivation of Eq. (S13) required ω  ω?. Once this condition is satisfied, the obtained distribution function
is valid at any ratio d/`(ω). [In particular, forward and backward scattering processes contribute additively (in a
2/3-1/3 ratio) to the “diffusion constant” D.] This is quite remarkable, as the waves’ localization length and mean
free path are of the same order in a one-dimensional system.
Averaging Eq. (S8) over the distribution (S13) then yields its disorder-averaged value at any d, see Eq. (14) in the
main text. Subsequently, one gets the disorder-averaged real part of the reflection amplitude through Eq. (12) in the
main text.
Using Kramers-Kronig relations, we get similarly the disorder-averaged real part of the local Green function,
2ω
pi2v
Re〈G(0, 0;ω)〉 = 2ν0
∑
m
√
2∆
piδ(ω)
D
(
ω − (m+ 1/2)∆√
2δ(ω)
)
, (S14)
where D(x) = e−x
2 ´ x
0
dtet
2
is the Dawson function, with asymptotes D(x) ≈ x at |x|  1 and D(x) ≈ 1/(2x) at
|x|  1. In the frequency range ω?  ω  ωcr, the Poisson summation formula applied to Eq. (S14) yields
2ω
pi2v
Re〈G(0, 0;ω)〉〉 = 4ν0 sin (2piω/∆) e−2(piωcr/ω)2 . (S15)
Equations (S14) and (S15) determine the disorder-averaged imaginary part of the reflection amplitude,
〈r′′(ω)〉 = K
K0
2ω
pi
Re〈G(0, 0;ω)〉 . (S16)
II. SOFT MODES
Here we calculate the disordered-averaged local density of states at low frequency ω  ω? in the strong-pinning
regime. We confirm the scaling captured by Eq. (17) in the main text, and we obtain the numerical factor in front of
it.
Infinitely-strong pinning on separate impurities reduces the system to a sequence of independent segments. Aver-
aging the local density of state in the segment nearby the interface at x = 0, and whose length is given by the Poisson
distribution, P (L) = ce−cL, yields
〈ν(x = 0, ω)〉 ≈ 2c/ωe−pivc/(2ω) at ω  pivc . (S17)
Finite-strength impurities allow for special configurations carrying soft excitations with arbitrarily-low frequency, as
was noticed in [S2]. Closely following their work, we consider three impurities at positions x1 = L1, x2 = x1 +L, x3 =
x2 + L2 > 0 nearby x = 0, and such that L  1/(γc)  L1, L2, where γ = Kλ/(~v
√
ac3) is the large parameter in
3the strong pinning regime. The sum of elastic and potential energies associated with a static charge density such that
∂xθ¯(0) = 0 and θ¯(xj) = θj ,
E =
~v
2piK
[
(θ2 − θ1)2
L
+
(θ3 − θ2)2
L2
]
− λ√
ac
3∑
j=1
cos(2θj + χj) , (S18)
is minimized with θ3 = −χ3/2 and θ1−θ2 = −2piγcL sin[(χ1−χ2)/2] cos Φ 1 with Φ = θ1 +θ2 +(χ1 +χ2)/2. Then,
if χ1 − χ2 = pi + 2ε with 0 < ε 1, the equilibrium solution for Φ (with |Φ|  1) is obtained from the minimization
of a quartic potential,
U = −hΦ +AΦ2 +BΦ4 , (S19)
where h = ~v[θ3 + (χ1 + χ2)/4]/(2piKL2), A = ~v/(8piKL2) − ελ/
√
ac + 4piKλ2L/(~vac), and B = ελ/(12
√
ac) −
4piKλ2L/(3~vac).
Using a Born-Oppenheimer approximation, we find the oscillation frequency ω0 in the minimum of the poten-
tial (S19) using the Lagrangian L = T − U where T = M Φ˙2/2 with an effective “mass” M = ~(L1 + L2/3)/(pivK)
for the coordinate Φ. Namely,
ω20 =
4
M
(h2B)1/3F
(
A/(h2B)1/3
)
, (S20)
where F (η) is defined implicitly by F (η) = η + 6ξ2 with −1 + 2ηξ + 4ξ3 = 0. Function F (η) reaches a minimum of
order 1 at η = 3/25/3.
Using Eq. (S20) and the properties of F (η), we find that the phase space Γ that allows for small oscillation
frequencies ω0  ω is bounded by critical values for |h| and |A| scaling like ω3 and ω2, respectively. Thus, Γ ∝ ω5,
yielding a density of state ν ∼ dΓ/dω ∝ ω4. Furthermore, the conditions B > 0 and A ≈ 0, which are necessary to
find soft modes, yield two constraints: ε < 1/(6piL2cγ) and L < ε/(16picγ), where L2 ∼ 1/c. They yield an additional
smallness in the suppression of the local density of states,
〈ν(x = 0, ω)〉 ∝ ν0γ−3(ω/vc)4 . (S21)
The power-law (S21) dominates at low frequencies, while the exponential suppression (S17) takes over in an interme-
diate range of frequencies, vc/ ln γ  ω  vc.
The missing numerical factor in Eq. (S21) is found by an explicit calculation of the average 〈ν(x = 0, ω)〉 at ω  ω?,
〈ν(x = 0, ω)〉 =
ˆ ∞
0
dL1P (L1)
ˆ ∞
0
dL2P (L2)
ˆ L0
0
dLP (L)
ˆ 2pi
0
dχ1
2pi
ˆ 2pi
0
dχ2
2pi
ˆ 2pi
0
dχ3
2pi
×
ˆ ∞
−∞
dh′
ˆ ∞
−∞
dA′δ(h− h′)δ(A−A′) 1
L1 + L2/3
δ(ω − ω0(A′, h′)) , (S22)
where the factor 1/(L1 + L2/3) comes from the normalisation of the wavefunction associated with small oscillations.
Here we used the Poisson distribution for the segments’ lengths, and we assumed a uniform distribution for phases
χ1, χ2, χ3 in the impurity potential. Furthermore, the upper limit L0 = 1/(96pi
2L2c
2γ2) in the integral over L is set
by the validity of expansion (S19) leading to Eq. (S20). Now, setting h′ ≈ A′ ≈ 0 in the Dirac distributions (which is
required to obtain low-frequency modes) allows performing the integrations over h′ and A′,
ˆ
dh′
ˆ
dA′δ(ω − ω0(A′, h′)) = 2ω
ˆ
dη
ˆ
dh(h2B)1/3δ
(
ω2 − 4(h
2B)1/3
M
F (η)
)
=
3
16
M5/2ω4
B1/2
ˆ
dη
F (η)5/2
=
1
8
M5/2ω4
B1/2
.
(S23)
The remaining integrations in Eq. (S22) can be performed to yield
〈ν(x = 0, ω)〉 = 1
pi
ν0
1
γ2
( ω
vc
)4
c5
ˆ ∞
0
dL1
ˆ ∞
0
dL2
ˆ L0
0
dL
(L1 + L2/3)
3/2L2√
L0 − L
e−c(L1+L2+L)
=
1
2
√
6pi2
ν0
1
γ3
( ω
vc
)4 ˆ ∞
0
dx1dx2
√
x2(x1 + x2/3)3e
−x1−x2
≈ 0.12 ν0 1
γ3
( ω
vc
)4
, (S24)
4where we used that the ranges of integration giving the dominant contributions are L  1/c and L1, L2 ∼ 1/c. The
scaling is the same as in [S2] for the global density of states, but the numerical prefactor is different.
At γ ∼ 1, a crossover to the weak pinning occurs. That leaves no room for the intermediate asymptote (S17) and
broadens the region for the ω4-dependence to ω . ω?, leading to
〈ν(x = 0, ω)〉 ∝ ν0(ω/ω?)4 . (S25)
The missing here, but appearing in Eq. (17) of the main text, proportionality coefficient is found within a numerical
simulation outlined in the next Section.
III. NUMERICS
Here we provide details on the numerical computation of the local density of state at arbitrary frequency, which
allowed us plotting Fig. 2 in the main text.
For this, we start by formulating the problem in dimensionless variables. Namely, by rescaling the spatial dimension
x = ξy with length ξ = R?/(2pi
2)1/3, we find that the static field θ¯(y) setting the charge density in a given charge
disorder configuration in the disconnected Josephson junction chain should admit boundary conditions ∂y θ¯(0) = 0
and θ¯(d/ξ) = 0, and minimize the energy
E [θ¯] = ~v
2piKξ
ˆ d/ξ
0
dy
[
(∂y θ¯)
2 − V ′ cos 2θ¯ + V ′′ sin 2θ¯] . (S26)
Here V ′(y) and V ′′(y) are two independent real random fields characterizing the disorder configuration, such that
〈V ′(y)V ′(y′)〉 = 〈V ′′(y)V ′′(y′)〉 = δ(y − y′′) . (S27)
The spectrum of small oscillations in the potential set by the static field θ¯ is also found as a dimensionless eigenproblem,
Ω2nψn = −∂2yψn + 2(V ′ cos 2θ¯ − V ′′ sin 2θ¯)ψn (S28)
with eigenfrequency Ωn = ωnξ/v and (real) eigenfunction ψn normalized such that
´ d/ξ
0
dyψ2n(y) = 1. The local
density of states then reads as
ν(x = 0, ω) = piν0
∑
n
ψ2n(0)δ(Ω− Ωn) . (S29)
Next we discretize the above equations by introducing a small spacing , such that the (dimensionless) length
corresponds to M = (d/ξ)/ sites. The random fields with correlators (S27) are replaced with discrete fields V ′m and
V ′′m at sites ym = m (0 ≤ m < M), which are uncorrelated from site to site, and which are drawn with flat probability
in the interval −√3/ < V ′m,V ′′m <√3/.
The random static field θ¯ is obtained by minimization of the energy functional
E [{θ¯m}] = ~v
2piKξ
{
M−1∑
m=1
[
(θ¯m−1 − θ¯m)2
2
− (V ′m cos 2θ¯m − V ′′m sin 2θ¯m)
]
+
θ¯2M−1
2
− 1
2
(V ′0 cos 2θ¯0 − V ′′0 sin 2θ¯0)
}
.
(S30)
The two last terms are such that the boundary conditions for θ¯ are satisfied in the continuum limit,  → 0. (In
particular, in order to reproduce the boundary condition at y = 0 and get this result, one may think of θ¯ as the even
solution of a twice longer chain with symmetric disorder on either side of the central node m = 0.) We then use
the algorithm described in Ref. [S3] to obtain the variables {θ¯m} [taking discrete values 2pip/P (0 ≤ p ≤ P − 1 with
integer P  1)] that realize the absolute minimum of the energy E .
Once the static configuration field has been determined, we can obtain the local density of states,
ν(x = 0, ω) = −2ν0ΩImG0,0(Ω) , (S31)
in terms of the retarded Green function Gm,m′(Ω) associated with Eq. (S28). The boundary condition at site m = 0
is obtained by considering a Green function G˜m,m′(Ω) in a twice longer space,
Gm,m′ = G˜m,m′ + G˜−m,m′ , (S32)
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FIG. S1. (a) Spatial profile of the static configuration θ¯(x) for a given disorder configuration in a chain with length d = 7.4R?,
corresponding to ω? ≈ 2.4∆ and ωcr ≈ 11.1∆. (b) Local density of states (in units of ν0) as a function of the frequency (in
units of ∆) for that disorder configuration.
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FIG. S2. (a-c) Local density of states (in units of ν0) as a function of the frequency (in units of ∆) averaged over 5000
disorder configurations, and comparison with the asymptotic predictions at frequencies below and above ω?, for chains with
length d = 3.7, 7.4, and 14.8R?, respectively (Fig. S2(b) is same as Fig. 2 in the main text). (d) Disorder-averaged local density
of states as a function of the frequency (in units of ω?) for the three chain’s lengths.
such that G0,0 = 2G˜0,0. The later Green function is obtained as a continued fraction using the recursive equation
(Ω2 −Wm + 2
2
)G˜m,m′(Ω)− 1
2
[
G˜m+1,m′(Ω) + G˜m−1,m′(Ω)
]
= δm,m′ (S33)
with Wm = 2(V ′m cos 2θ¯m − V ′′m sin 2θ¯m).
In the plots shown here and in Fig. 2 in the main text, we choose a number of sites M = 200, 400, and 800, and
a mesh  = 0.05, corresponding to d/R? = M/(2pi
2)1/3 ≈ 3.7, 7.4, and 14.8, ω?/∆ = n/(2pi5)1/3 ≈ 1.2, 2.4, and 4.7,
and ωcr =
√
3/2(n)3/2/pi2 ≈ 3.9, 11.1, and 31.4, respectively. We also introduce an imaginary broadening Ω→ Ω+ iγ˜
with γ˜ = 0.02∆.
In Fig. S1, we plot the spatial profile of the static configuration along the chain for a single disorder configuration
(left panel). We also show the local density of states (normalized by the bulk value ν0) as a function of the frequency
(in units of ∆) for that disorder configuration. Typically, the distant levels do contribute to the local density of states
at low energies, but the contributions are exponentially small, exp(−d/R?). Thus one sees a few “representative”
levels contributing to the local density of states at ω . ω?. By contrast, a (roughly) regular spectrum of equidistant
states is visible at large frequencies ω & ωcr.
In Figs. S2 and 2 in the main text, we plot the local density of states averaged over a large number of disorder
configurations for three different lengths. We compare the result with the asymptotic formula
〈ν(0, ω)〉/ν0 = C(ω/ω?)4 with C ∼ 0.032 , (S34)
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FIG. S3. Local and global disorder-averaged density of states as a function of the frequency, for the same parameters as in
Fig. S2.
which was speculated to hold at low frequency ω . ω?, and with the prediction
〈ν(0, ω)〉/ν0 =
√
2
pi
ωcr
ω
∞∑
n=0
exp
[
− ω
2
2ω2cr
(
ω
∆
− n− 1
2
)2]
, (S35)
which holds at frequencies ω  ω?, yielding well resolved peaks at ω  ωcr. In particular, Fig. S2(d) shows the
scaling of the disorder-averaged local density of states as a function of ω/ω? for three different lengths of the chain.
In addition, Fig. S3 shows both the local and global densities of states; it illustrates the relation 〈ν(x = 0, ω)〉 ≈
2〈ν(ω)〉, which approximately holds at low frequencies, ω . ω?.
IV. INELASTIC SCATTERING
Here we use perturbation theory in the phase slip term in Hamiltonian (3) of the main text to provide an alternative
derivation of the frequency shift, yielding Eq. (16) in the main text in long chains, d  R?, at large frequencies,
ω  ω?. Then we use the same approach to argue that inelastic scattering processes give negligible corrections to the
result.
A. Frequency shift
Hamiltonian (2) in the main text, with boundary conditions ∂xθ(x = 0) = 0 and θ(x = d) = 0 in a finite-length
chain, is diagonalized as
H0 =
∞∑
n=0
(n+ 1/2)∆a†nan , (S36)
where an is an annihilation operator of a plasmon, such that
θ(x) =
∞∑
n=0
√
K
n+ 1/2
(an + a
†
n) cos(qnx) (S37)
with qn = pi(n+ 1/2)/d.
The dominant effect of a small but finite λ is to shift the resonance frequencies, ωn = (n+1/2)∆+δn. In first order
in λ, the frequency shift of mode n is the energy difference between no plasmon in the chain and the singly-occupied
n-plasmon mode, δn = 1/~ (〈1n|H1|1n〉 − 〈0|H1|0〉), where |0〉 is the vacuum state, |1n〉 = a†n|0〉, and
H1 = −λ
a
ˆ
dx cos(2θ + χ) (S38)
7is the phase slip term. Inserting Eq. (S37) in it, we get
δn = − λ~aRe
ˆ
dx〈0|
∏
m
(
ane
2i
√
K
m+1/2
(am+a
†
m) cos(qmx)a†n − e2i
√
K
m+1/2
(am+a
†
m) cos(qmx)
)
|0〉eiχ(x)
≈ 4Kλ
~a(n+ 1/2)
ˆ d
0
dx sin2(qnx) exp
(
−2K
∑
m
sin2(qmx)
m+ 1/2
)
cosχ(x) , (S39)
where we used n  1 to expand the factor with m = n up to lowest order in K, and to add back the (small) term
with m = n in the exponential. In long arrays, d  R? (which can only happen if K < 3/2, according to Eq. (7) in
the main text), the exponential factor can be evaluated by taking the continuum limit,
∑
m ≈ (d/pi)
´
dq, replacing
sin2(qmx) ≈ 1/2, and using 1/`sc and 1/R?( 1/d) as the high and low momenta cutoffs of the log-divergent sum
(this takes into account the fact that plasmons with frequency ω < ω? are localized, and do not contribute to the
sum). It yields
δn =
4Kλ(R?/`sc)
−K
~a(n+ 1/2)
ˆ d
0
dx sin2(qnx) cosχ(x) . (S40)
On average, 〈δn〉 = 0. Using the correlator (4) in the main text, we find that its variance can be presented as
〈δ2n〉
∆2
=
3
pi2(n+ 1/2)2
(
d
R?
)3
, (S41)
in agreement with Eq. (15) in the main text upon identification δ (ω = (n+ 1/2)∆) ≡ 〈δ2n〉1/2.
B. Internal dissipation
Considered in the harmonic approximation, the plasmon excitation spectrum of the Josephson-junction chain is
broadened by radiative decay. At strong impedance mismatch with the waveguide, K/K0  1, the corresponding
level width Γ = (2v/d)K/K0 is small [for discussion of Γ, see the main text above Eq. (10)]. Interaction between the
plasmons may provide additional channels of “internal dissipation”. In the absence of phase slips, charge disorder does
not affect the dynamics of phases ϕn in Eq. (1) of the main text. The anharmonicity stemming from the expansion
of cos(ϕn −ϕn−1) beyond the second order in ϕn −ϕn−1, results in a momentum-conserving interaction between the
plasmons. Because the plasmon spectrum ω(q) is convex, decay of a plasmon occurs only in collisions with other
plasmons present in the system (a spontaneous decay is not allowed by the energy and momentum conservation laws),
see, e.g., Ref. [S4]. On the contrary, interaction stemming from the phase slip term (S38) allows a plasmon to decay
into a number of plasmons of lower frequency and may provide an additional channel of “internal dissipation”. Leaving
aside a complex question regarding the possibility of many-body localization [S5] of excitations of an isolated system
at Γ→ 0, here we provide a crude estimate of the contribution of the internal dissipation to the plasmon line width.
The decay rate of a state |i〉 of Hamiltonian H0 due to a perturbation H1 is given by the Fermi’s Golden Rule,
Γi = 2pi
∑
f
|〈f |H1|i〉|2 δ(εi − εf ) = Re
ˆ ∞
−∞
dtei0t〈i|eiH0tH1e−iH0tH1|i〉 . (S42)
Here εi and εf are, respectively, the energies of the initial state |i〉 and final states |f〉. We take a plasmon state
|i〉 = a†n|0〉 with the (unperturbed) value of energy εi = (n + 1/2)∆ as an approximate eigenstate of H0. Inserting
Eq. (S37) into the phase slip term (S38), we then identify contributions leading to its decay into p plasmons,
H1 =
∑
p≥2
∑
n1...np
Vn,n1...npa
†
n1 . . . a
†
npan + H.c. + other terms (S43)
with
Vn,n1...np =
(2i)p+1
p!
λ(R?/`sc)
−K
a
K(p+1)/2√
nn1 . . . npn
ˆ d
0
dx
eiχ(x) + (−1)pe−iχ(x)
2
cos(qn1x) . . . cos(qnpx) cos(qnx) . (S44)
8Here the factor (R?/`sc)
−K has the same origin as the one that appears in Eq. (S40); furthermore we used ni+1/2 ≈ ni
at ni  1. Then, we evaluate the inelastic decay rate induced by H1 using Wick’s theorem,
Γn ≈ λ
2
a2
(
R?
`sc
)−2K∑
p
(4K)p+1
p!
∑
n1...np
1
n1 . . . npn
(
da
2p+2
)ˆ
dt〈0|ana†n(t)an1(t) . . . anp(t)c†np . . . a†n1ana†n|0〉
=
λ2
a2
(
R?
`sc
)−2K∑
p
(4K)p+1
p!
∑
n1...np
1
n1 . . . npn
(
da
2p+2
)ˆ
dtiG>n (−t)iG>n1(t) . . . iG>np(t) (S45)
with iG>l (t) = 〈al(t)a†l (0)〉. For estimates, we replaced here a factor which depends on the disorder configuration by
a respective average:(
da
2p+2
)
=
ˆ d
0
dx
ˆ d
0
dy
eiχ(x) + (−1)pe−iχ(x)
2
eiχ(y) + (−1)pe−iχ(y)
2
∏
m=n1,...,np,n
cos qmx cos qmy . (S46)
Within the Rayleigh-Schro¨dinger perturbation theory, G>l (t) ≈ −ie−iωlte−Γl|t|/2 with ωl evaluated in the absence of
phase slips, ωl → εl = (l+ 1/2)∆, and the decay rate coming solely from radiation of the mode i into the waveguide,
Γl → Γ. Assuming that the internal dissipation does occur, we modify G>l (t) by allowing for Γl 6= Γ and for ωl
corrected by the phase slips in the presence of a specific configuration of disorder. This way, Eq. (S45) becomes a
self-consistent equation for finding Γn:
Γn =
2dK2λ2
a
(
R?
`sc
)−2K∑
p≥2
(2K)p−1
p!
∑
n1...np
1
n1 . . . npn
Γn1 + · · ·+ Γnp + Γn
(ωn1 + · · ·+ ωnp − ωn)2 + 14 (Γn1 + · · ·+ Γnp + Γn)2
. (S47)
The disorder-induced frequency shifts ωl − εl are important, as they destroy multiple resonances which would occur
for the equidistant unperturbed spectrum εl appearing in the denominators of the summand of Eq. (S47). It is clear
from Eq. (15) of the main text that the typical shifts |ωl − εl| ∼ ωcr/l depend on l, obstructing the resonances unless
the sum of Γl in the denominators of Eq. (S47) exceeds min{∆, ωcr/l}.
We are interested in the estimate of Γn for modes with relatively high frequencies, εn & ωcr, at which ωcr/n . ∆.
Our analysis of Eq. (S47) at K  1 points to Γn  ωcr/n in that frequency range, while Γl ∼ ∆ at ωl ∼
√
Kωcr (here
we assume that albeit being small, K is large enough to allow for
√
Kωcr & ω?, i.e., R?/d . K  1). At small K,
the main contribution to the sum over p comes from the first term (p = 2) corresponding to a decay of the plasmon
mode n into another high-frequency mode n1 ≈ n accompanied by emission of one broadened plasmon (Γl & ∆) with
frequency below
√
Kωcr. That allows us to replace summation over {n} in Eq. (S47) by integration. Dispensing with
a factor ∼ ln(√Kωcr/ω?) and with a numerical factor which do not alter our conclusions, we obtain
Γ(ω) ∼ Kω
3
?
ω2
∼ ∆Kω
2
cr
ω2
at ω &
√
Kωcr . (S48)
Note that the frequency dependence here agrees with the one found in [S6], as well as [S7] [cf. the second line in their
Eq. (43)], at K  1. Using Eq. (S48) and Eq. (15) of the main text, the ratio Γ(ω)/δ(ω) can be presented in the form
Γ(ω)
δ(ω)
∼ K ωcr
ω
. (S49)
This confirms that:
(i) at ω & ωcr the main contribution to the widths of the disorder-averaged plasmon resonances comes from the
inhomogeneous broadening δ(ω) considered in the main text, rather than from the internal dissipation;
(ii) due to the internal dissipation, Γ(ω) may reach a value ∼ ∆ at low frequencies, ω ∼ √Kωcr.
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